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Phase Doppler anemometry was used to quantify the flow characteristic of a three phases (liquid, solid, and bubbles)
cylindrical bubble column driven by a point air source made of a 30-mm diameter perforated air stone centrally mounted
at the bottom. The cylindrical bubble column had an inner diameter of 152 mm and was filled with liquid up to 1 m above
the point source. Acrylic beads with a nominal diameter of 3 mm were used as the solid phase. To match the density of the
solid phase which was 1.05 kg/m3, the liquid density was raised to about 1.0485 kg/m3 by added salt. The bubble diameters
generated were within the range of 600–2400 mm. The detailed turbulent characteristics of the liquid-phase velocity, bubble
diameter, bubble velocity, and solid velocity were measured at three different air rates, namely 0.4, 0.8, and 1.2 L/min (cor-
responding to average gas volume fraction of 0.0084, 0.0168, and 0.0258, respectively) for the homogeneous bubble col-
umn regime. With the addition of the solid phase, the flow field was found to be relatively steady compared to the two-phase
column referencing the probability density functions for both the liquid and bubble velocities. An analysis based on the
determination of the drag forces and transversal lift forces was performed to examine the flow stability in the three-phase
bubble column. The analysis illustrated that how the added solid phase effectively stabilized the flow field to achieve a
steady circulation in the bubble column and a generalized criterion for the flow stability in the three-phase bubble column
was derived. Further investigation for the transition and the heterogeneous bubble column regime with air rates at 2.0 and
4.0 L/min shown that this criterion can also be used as a general prediction of flow stability in this three-phase bubble col-
umn. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 2286–2307, 2013
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Introduction

Bubble columns are multiphase flow mixers in which a
gas or a mixture of gases is introduced and rises in form of
bubbles continuously through a liquid phase. Due largely to
the simplicity of operation, absence of moving parts, low
operating costs as well as easily adjusted liquid residence
time, bubble columns are widely used in the industry for
chemical, biochemical, and petrochemical processing.1,2

From an engineering application point of view, controllable
hydrodynamic shear forces for both the bubble and solid
phase are desirable so as to enhance the efficiency of the mi-
crobial granulation process. The hydrodynamics of gas–liq-
uid and gas–liquid–solid systems have been extensively
studied over the past few decades.3–8

It is well-known that the behavior of the bubble column
reactor is hard to predict due to the complex interactions

among the three phases. There have been many types of
scale-up model studies based on the measurements of the
time-averaged data in the flow field. Several nondimensional
numbers and empirical models, such as those proposed by
Groen et al.9 and Yang et al.,10 had also been put forward.
However, there remains insufficient detailed physical under-
standing and predictive tools for the design and optimization
of such systems. For example, the transient flow structure of
some bubble columns have exhibited unstable behaviors
such as the bubble swarm meandering, which have not been
fully understood.11

In multiphase bubble columns, the bubble and solid phases
exist as a dispersed phase in the continuous liquid phase.
Depending on the nature of dispersion, the gas–liquid mix-
ture moves in one of the two characteristic regimes, which
are known as homogeneous and heterogeneous regimes.12

The homogeneous regime implies a uniform gas distribution
with the bubbles rising almost vertically inside the column.
The carried up liquid by the bubbles must, however, return
downward in some regions to achieve a zero net liquid flow
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in the column. In the heterogeneous regime, most of the
ascending bubbles are centralized in a small area. Large-
scale and strong nonuniformities in buoyancy distribution
drive large-scale and strong convective motion of liquid and
bubbles inside the bubble column.

In recent years, the technique of phase Doppler anemome-
try (PDA) had been successfully applied to many complex
two-phase flow environments with spherical particles such as
liquid droplet flow,13 paint spray,14 and plasma spray.15

Braeske et al.16 was among the first to measure the size,
velocity, and holdup of bubble and solid phases in the three-
phase fluidized beds using PDA. Lain et al.17 presented a nu-
merical study with the extension of an Euler/Lagrange
approach to allow the time-dependent calculations of bubbly
flows, and validated the results of the numerical calculations
based on PDA measurements. Brenn et al.18 investigated the
two-phase flow characteristics of a bubble column with
PDA. They discovered that at most locations in the flow
field, the time average velocity probability density functions
of bubbles and liquid can be described by two superimposed
Gaussian functions, and the bubbles belonging to the two
Gaussians exhibited different slip velocities with the liquid
phase. Brenn et al.18 attributed the Gaussian function with
the lower mean velocity to the downward motion of the liq-

uid phase, and that of the higher mean velocity to the
upward motion of the bubbles. The presence of the two
Gaussion distributions can have an important effect to the
overall stability of the bubble column. Warsito and Fan11

developed a three-dimensional (3-D) method, named electri-
cal capacitance tomography imaging based on a neural-net-
work multicriterion optimization, to determine the flow
structure of the bubble plume motion. They concluded that
the liquid vortices in the vortical-spiral liquid region are of
rounded shapes existing in cells or pockets which are discon-
nected from each other and disappear faster at a higher gas
velocity or in the presence of solid particles in gas–liquid–
solid systems. In our previous work,19 PDA was used to
obtain the dynamic information of the air and liquid-phase
velocities as well as the bubble sizes in a model air-liquid
two-phase bubble column. The results revealed that at all
positions in the model two-phase bubble column, the veloc-
ity for both bubble and liquid phases can be resolved into a
combination of a higher Gaussian and a lower Gaussian dis-
tribution similar to Brenn et al.18 A stability criterion was
then proposed based on the bimodal characteristics as well
as the consideration of the interplay between the effect of
the drag and lift on the bubble swarm inside the bubble col-
umn. By considering the disturbance length scale to be the

Figure 1. Schematic of the bubble column and the Fiber PDA system, (all dimensions in mm).
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bubble size, it was found that the criterion was able to pre-
dict the overall flow behavior inside the column, as well as
the transition from an unsteady to a steady flow pattern
along the column height.

This study aims to investigate the flow dynamics of a three-
phase bubble column driven by a bottom centrally mounted
point air source. There are two objectives for this three-phase
investigation. First, the use of a bottom point air source to
drive a three-phase bubble column is very common in the
environmental industry. It is, therefore, necessary to investi-
gate the characteristics of this kind of bubble generator for
possible improvement for environmental applications. Second,
the stability criterion for the flow circulation inside a multi-
phase bubble column has not been fully resolved. The point
source configuration here would create spatial contrasts in the
bubble concentration and flow gradients. The stability at dif-
ferent locations inside the column can be examined with fine
resolutions using the detailed and accurate measurements of
all the three phases. A better picture of the three-phase flow
field can then be depicted in the model bubble column. With
the dynamical characteristics of all the three phases from PDA
measurements, the drag coefficient CDand lift coefficientCL,
which are well-known to have an important influence to the
stability of the flow field in the bubble column,4 can also be
quantified. Finally, the influence to the stability of bubbly flow
from the solid phase can be examined.

This article is arranged in four parts. Following the intro-
duction, the experimental set-up will be first described. After
that, the results for the model three-phase bubble column are
presented. The article ends with a summary of important
concluding remarks.

Experimental Arrangement and Experiments

Bubble column

The experiments were conducted in a vertical bubble col-
umn shown schematically in Figure 1. The bubble column
had an internal diameter (D) of 152 mm. Filtrated water
with added soap and salt was chosen as the liquid phase.
The decreased surface tension led to smaller bubbles that
were more spherical and hence beneficial to the PDA meas-
urements. The liquid was filled up to a level of 1000 mm
from the bottom, which was equivalent to a height (H) of
950 mm above the tip of the air stone. Thus, the aspect ratio
was about H/D 5 6.3.

With the cylindrical cross-section, refractive index match-
ing was necessary to avoid the refraction of the laser light at
the curved walls of the column. To achieve the matching, a
special material of fluorinated ethylene–propylene polymer
(FEP) was chosen as the column walls. FEP is a kind of Tef-
lon with a refractive index (m 5 1.338) very close to the liq-
uid in our investigation (m 5 1.336) and with a light
transmittance of 95%. An observation box with plane glass
windows was also constructed around the column and filled
with filtrated water. The windows were arranged in the way
that the optical axes of the PDA transmitting and receiving
units are normal to the glass walls.

A perforated air stone with 30-cm diameter was used to
introduce dry air into the flow from the center of the bottom
of the column. This type of point air source is very com-
monly used in the environmental industry (e.g., for waste-
water treatment) due to its simplicity, low cost, high-air flux,
and easy control.20,21 Photo taken with a CCD camera in

Figure 2a showed that the bubbles generated by the stone
were essentially spherical, with a size range of about 600–
2400 lm. Measurements at different air flow rates also
showed that the bubble size had a normal distribution with a
peak near 1.5 mm.

The count distribution of the bubble and solid phases at
the air flow rate of 0.4 L/min at r 5 0 and z 5 100 mm, (i.e.,
at the centreline and 100-mm height) is shown in Figure 2b.
The distribution showed two distinct peaks. The first peak
was for bubbles which had a mean diameter of 1.49 mm as
mentioned above, whereas the second peak was the signal
from the solid phase which had a typical value of 3 mm
with an error range about 5%. As expected, the number of
bubble signal was much more than that of solid particle in
Figure 2b. The reason was that the measurement point was
very near to the air source, so that the number of bubbles
was expected to be much more than solid particles at this
location.

Our previous work19 investigated the two-phase (liquid-
air) using the same bubble column with PDA measurements
taken at three different air rates, namely 0.13, 0.25, and 0.38
L/min (corresponding to a gas fraction of 0.0065, 0.0138,
and 0.0197, respectively). Comparing the liquid properties
between the two-phase and three-phase investigations, the
viscosities were nearly identical (9.79 3 1024 Pa.s. for two-
phase experiments, and 9.85 3 1024 Pa.s. for the three-
phase experiments), but the densities (1.002 3 103 kg/m3 for
the two-phase experiments, and 1.0485 3 103 kg/m3 for the
three-phase experiments) and surface tensions (0.0267 N/m
for the two-phase experiments, and 0.0342 N/m for the
three-phase experiments) were quite different.

It should be noted that the surface tension has an impor-
tant effect on the bubble size. The surface forces on a bubble
arise due to the linear surface tension acting on it, and they
help a bubble to adhere to the edge of orifice delaying the
detachment process.22 Liow23 reported that the surface ten-
sion forces in combination with the orifice diameter as well
as thickness decide the bubble detachment time and hence
the bubble size. Also, Hsu et al.24 reported their observations
about the mechanism in the presence of surfactants, where
temporal variation of dynamic surface tension was taken into
account. They pointed out the bubble size increased with
surface tension even with the same sparger. The surface ten-
sion of the present fluid phase was higher than that in our
earlier two-phase investigation, and as a result the bubble
size was approximately 1.8 times larger.

Material properties

The material properties of the liquid and solid phases used
in this experiments are presented in Table 1. Deionized
water was used as the liquid phase, with controlled amounts
of soap and salt added to increase the surface tension and
density. The water with added soap and salt can be regarded
as a 0.15% Na(C18H35O2) and 7% NaCl solution. The vis-
cosity was measured by a Brookfield Viscosity Liquid Bath
(model K34710), and the surface tension was measured by
Drop Shape Analysis System (model DSA100). The proper-
ties of the liquid were controlled for two objectives. First,
the soap reduced the surface tension of the water, so that the
bubbles were smaller and more rounded. Second, in the
experiments, 3-mm acrylics polymethyl methacrylate beads
were used as the solid phase, which had a density
of1:053103kg/m3 and, thus, slightly denser that water.
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Hence, salt was added so that the solution had a similar den-
sity with these beads. All tests were conducted at ambient
pressure, and the liquid temperature was held constant to
within 60.5�C during the experiments.

PDA setup

The fiber PDA setup with the principal components, that
is, transmitting and receiving optical units, receiver module,
and signal processor, is schematically shown in Figure 1.
The experiments were divided into two parts for every
measurement point. The first part was to measure the liquid

velocity. The important parameters of PDA for measure-
ments of liquid velocity are summarized in Table 2. To dis-
tinguish the liquid phase from the gas and solid phase,
the liquid was seeded with hollow glass spheres as tracers
(Type S-HGS DANTEC) at a concentration of 0.06 g/L in

Table 1. Properties of the Liquid and Solid Phases

Liquid
Water with 0.15%

Na(C18H35O2) and 7% NaCl

Liquid viscosity 1.003 3 1023 Pa s
Liquid surface tension 0.0342 N/m
Temperature 20�C
Liquid density 1.0485 3 103 kg/m3

Solid density 1.05 3 103 kg/m3

Figure 2. (a) Photo of typical bubbles generated at an air flow rate of 0.4 L/min, (three-phase).

(b) Count distribution of all signal diameter at air flow rate of 0.4 L/min measured at z 5 100 mm, r 5 0 mm.

Table 2. Optical Setting of Fiber PDA Measurement

Optical
Setting For Liquid Phase

For Bubble
and Solid Phase

Wavelength of laser 514.5 and 488 nm 514.5 and 488 nm
Beams separation spacing 38 mm 15 mm
Beam half angle 0.924� 0.228�

Maximum
measurement diameter

412 lm 3302 lm

Polarization of beam Parallel Parallel
Off-axis angle 76� 76�

Focus length of
transmitting unit lens

310 mm 310 mm

Focus length of
receiving unit lens

500 mm 500 mm

Number of
maximum samples

15,000 15,000

Maximum elapsed time 3000 s 3000 s
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the water. The spheres had a mean size of 10 lm, a diameter
range between 2 and 20 lm, and a material density of 1.4 g/
cm3. The tracers were small enough to following the flow in
our test bubble column and because they were silver coated,
the laser light can be reflected at their surfaces to generate
strong scattering signals which can be received by the PDA
detectors. As mentioned before, the bubbles had a size range
from 600 to 2400 lm. The obvious difference between the
size of the bubble and tracer limited all verified signals for
this setup to be from the seeding particles. The second part
was to measure both the size and velocity for the bubbles
and solid particles. The important parameters of PDA for the
second part are also shown in Table 2.

For both setup, the off-axis angle was an important pre-
requisite for the measurements of liquid and bubble veloc-
ities and bubble size. The scattering mechanism that was
suitable for the PDA measurements of bubbly flow in this
study was primarily reflection. Thus, the off-axis angle of
76� was chosen for both setups. Based on the consideration
of Lorenz–Mie theory, the PDA receiving optics at 76� angle
would receive the maximum signal from the dominating
reflected light. The unused scattering lights, such as the first
and second-order refraction lights, should be negligible.

A 3-D traverse system was used for the PDA to control
the measurement positions. As shown in Figure 1, the glass
wall facing the receiving optic was aligned in the direction
normal to the axis of the receiver. This was to ensure that
the normal lines of both transmitting and receiving unit lens
were perpendicular to the rig surface. The effective focal
length f 0 for both lens were given by

f 05
m3

m1

f01
m22m3

m2

d1
m12m3

m1

d1 (1)

Here, f 0 is a function of f0 (the focal length in air), m1

(the refractive index for air), m2 (the refractive index for the
glass wall of the observation box), m3 (the refractive index
for water), d (the thickness of the container glass wall), and
d1 (the distance between the lens and container wall).

The measurement planes are also shown schematically in
Figure 1. The tip of the air stone was located at 50 mm
above the bottom of the bubble column. The subsequent
location for measurement (z) was referenced from the top of
the air stone. Measurements at each location lasted at least
30 min, and the total number of validated samples obtained
ranged from 5000 to 15,000. As far as the time-averaged
behavior of the bubble column dynamics was concerned, the
flow distribution could be considered symmetrical (note that
the symmetry was also verified with spot measurements and
flow visualization), and, thus, the measurements were taken
only on an half-plane (at z 5 100, 130, 160, 200, 400, and
600 mm) and at 10 locations along the r direction(at r 5 0,
10, 20, 30, 40, 50, 60, 65, 70 and 75 mm). Given that the
diameter of the bubble column was 152 mm, the radial

position at 75 mm was, thus, the nearest measurement loca-
tion to the wall.

Results and Discussion

Preliminary measurements

As mentioned earlier, the flow visualization picture in
Figure 2a illustrates that the bubble diameters were much
smaller than the diameter of the solid particles. Bubble
coalescence was, therefore, expected to be low, except at
regions near the air stone where the bubbles were highly
concentrated. Within the bubble size range of the present
experiments, the inaccuracy in the PDA measurements
was expected to be small, and it was confirmed by the
fact that the measurement repeatability was excellent for
all cases. Overall, the measurement errors for the velocity
and diameter were estimated to be within 3 and 15%,
respectively.

Superficial Velocity of Bubbles. The superficial gas
velocity VG is defined as

VG5QG=Acol (2)

Here, QG is the air flow rate and Acol is the cross-sectional
area of the bubble column. In our investigation, the air flow
rate was set at 0.4 (Case 1), 0.8 (Case 2), and 1.2 (Case 3)
L/min, corresponding to the superficial gas velocity VG of
0.376 (Case 1), 0.752 (Case 2), and 1.128 (Case 3) mm/s,
respectively.

The mean gas volume fraction a was determined by meas-
uring the increase in the liquid level when air was introduced
to the column, that is

a5 11H0=DHð Þ21
(3)

where H0 is the initial liquid level and DH is the increased
liquid level due to the pumped air. Thus, the air flow rates
also corresponded to the mean gas volume fractions of
0.0084 (Case 1), 0.0168 (Case 2), and 0.0258 (Case 3).
Table 3 summarizes the relationship for the air flow rate,

Table 3. Air Flow Conditions for the Three Cases in the

Three-Phase Experiment

Air Flow
Rate, QG

(L/min)

Superficial Gas
Velocity,

VG (mm/s)

Mean gas
Volume

Fraction, a

Case 1 0.4 0.376 0.0084
Case 2 0.8 0.752 0.0168
Case 3 1.2 1.128 0.0258

Figure 3. Variation of average gas holdup with superfi-
cial gas velocity in the bubble column.

Profiles for porous and perforated plate sparger are

reproduced from Bhole et al. (2006). [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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superficial gas velocity, and mean gas volume fraction for
all three cases.

Joshi et al.25 proposed the following function between the
average gas holdup and superficial gas velocity for the ho-
mogeneous and heterogeneous regimes

a � Vn
G (4)

In Eq. 4, the value n signifies the regime prevailing in the
bubble column, with n> 1 corresponded to the homogeneous
regime and 0.4< n< 0.8 to the heterogeneous regime. Figure
3 shows the variation of average gas holdup with the superfi-
cial gas velocity using the air stone in this study. The results
of the two-phase investigation in Gan et al.19 and two com-
mon types of spargers in a bubble column of similar geome-
try,26 namely the porous and perforated plate spargers, are
also shown. The relationship between the average gas holdup
and superficial gas velocity for the air stone used in our
two-phase and three-phase experiments was linear, that is,

similar to that of the perforated plate sparger. In addition, n
was close to 1.0 suggesting that the flow field should be
within the homogeneous regime. For the porous plate
sparger, however, n decreased with VG with a value at about
2 for VG < 10 mm/s and smaller than 1 for VG > 15 mm/s.
This implies that, for the porous plate sparger in Figure 3,
the flow field should be in either the transitional or heteroge-
neous regime. The profile gradient of the three-phase bubble
column was smaller than that of the two-phase column but
steeper than that of the perforated plate sparger. This sug-
gests that the bubbles in the three-phase bubble column had
a longer residence time than Bhole et al.26 but shorter than
the cases of two-phase investigation. In other words, for the
same superficial gas velocity, the bubbles in the two-phase
bubble column would spend twice the time to travel through
the bubble column than the three-phase bubble column, and
20 times than the bubbles produced by the perforated plate
sparger used by Bhole et al.26 The reason should be due
largely to the difference in bubble size. The bubbles had a
bigger size (about 1.5-mm diameter) in our three-phase col-
umn compared to the two-phase bubble column (about 0.8-
mm diameter) but smaller size than that of Bhole et al.
(about 6-mm diameter). The smaller size bubbles had smaller
terminal velocities and, therefore, were easier to be trapped
in the large circulation cell. Hence, they travelled a longer
journey inside the bubble column before reaching the top.

Mean Bubble Diameter from Generator. The mean diam-
eters obtained from all measurement points at z 5 600 mm
for different mean gas volume fractions in both two-phase19

and three-phase experiments are shown in Figure 4a. The
mean bubble size was found to be approximately 1.5 mm,
and it increased slightly with the mean gas volume fraction.
In the three-phase experiments, it increased by about 5%
with the air rate from 0.4 to 1.2 L/min. In contrast, the
increase was only about 2% from 0.13 to 0.38 L/min. This
might be due to the fact that bubble coalescence increased
with the gas volume fraction due to two reasons. First, the
air flow rate was larger in the three-phase experiments which
enabled the bubbles to have more chances to merge with
each other especially near the air stone. The second was due
to the presence of the solid particles. With solid particles on
the path of the rising bubbles, the bubbles would have more
chances to collide when they were injected into the bubble
column. Figure 4b shows that the bubble diameter distribu-
tion for the three cases of air flow rate. All profiles showed
a normal distribution, and the bubble size standard deviation
was about 10% for all the three cases.

Mean Slip Velocity of Bubble at r/R 5 0, z 5 600 mm.
The mean difference between the bubble and liquid veloc-
ities and their slip velocity at the same point (z 5 600 mm,
r 5 0 mm) as in Figure 4 for the three mean gas volume
fractions are shown in Figure 5. In general, the mean slip
velocity of bubbles decreased as the mean gas volume frac-
tion increased. The slip velocity measurements can be fitted
approximately by the following expression27

ub5u1 12að Þm (5)

where ub is the bubble velocity, u1 is the bubble terminal
rise velocity, and m is an empirical constant. Richardson and
Zaki27 suggested an approximated value of m 5 2.3 for bub-
bles with Reynolds number ranged from 0.2 to 500. Ishii and
Zuber28 reported a value of m 5 2.0 for bubbles with a
Reynolds number near 250, whereas m 5 2.5 was suggested

Figure 4. (a) Mean bubble diameter as a function of
mean gas fraction at z 5 600 mm, r 5 0 mm.

(b). Bubble-size distribution at r/R 5 0 and z 5 600 mm

for the three cases in three-phase investigation. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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by Zenit et al.29 with the gas volume fraction from 0 to 0.2.
From our present study, u1 was found to be 0.169 m/s while
m was about 2.5, which agreed well with Zenit et al.29 It
should be noted that for the two-phase experiments, m had a
value of 2.8 which was larger than previously reported due
largely to the effect of lower surface tension.

For a more precise determination for the velocity profile
with a given mean gas volume fraction, Spelt and Sangani30

derived the drag force on a homogeneous suspension of
spherical bubbles rising through a fluid, and suggested that
the mean bubble slip velocity ub can be expressed as

ub5u1
12að Þ

11 3
20

aA
(6)

where A5u2
b=Tb, and Tb is the bubble velocity variance. A

represents the stability of the bubble velocity, with a larger
value corresponding to a more stable velocity.

Figure 6 shows that the mean value of 1/A in our three-phase
experiments increased from 0.020 to 0.032, which corre-
sponded to the value of A from 50 to 31. Zenit et al.29 pre-
sented a detailed discussion of the influence of mean gas
volume fraction on the magnitude of A. Their experimental
analysis resulted in a fitted function A(a) that decreased from
50 (at lower gas volume fractions) to about 10 (at a higher gas
volume fraction of about 0.18). In this study, the three gas vol-
ume fractions were located on the part of low gas volume frac-
tion in Zenit et al.,29 which implied that our A value agreed
well with their analysis because they suggested the A value
should be within the range from 30 to 50 for a< 0.04. The nor-
malized variance, which is the inverse of A, increased with the
mean gas volume fraction and had a value of about 0.03 for the
three cases. It should be noted that the increased air flow rate
would promote bubble–bubble hydrodynamic interactions,
which in turn increased the bubble velocity variance and
decreased the mean bubble velocity correspondingly.

However, it should be noted that the value of A had a
smaller value at about 10 for the two-phase experiments in
Gan et al.19 This means that the bubble velocities for the
three-phase experiments were more stable than the two-phase

experiments. The normalized variances of the solid particle
velocity for all three cases are also added in Figure 6. It is
clear that the solid velocity had a much bigger A value, and
the trend of A for the three-phase bubble velocity was simi-
lar to that of the solid particles. According to the no-slip
condition, the liquid velocities must have a zero slip velocity
to the solid surface, and the bubble velocity variance will
decrease due to the viscous dissipation as the solids travel
with the bubbly flow. Because A represents the stability of
the velocity, it is, thus, reasonable to speculate the solid
particles provide additional stability to the bubble velocity.

Measurements of the entire flow field

The net liquid flow across a cross-section should be zero
inside a bubble column due to continuity, and the same
should be true for the solid phase. In addition, the liquid and
solid phases should follow the bubbles moving upward
around the column center and returned along the wall.
Large-scale circulations are typical in bubble columns.31

However, they may not be steady. For example, Chen
et al.32 observed that the flow field in the bubble column
was formed by a meandering central bubble plume accompa-
nied by smaller vortical structures near the wall. The same
was also reported in our earlier two-phase experiments.19

In the early part of this study, preliminary visualization
tests were conducted, and the flow behavior in the model
bubble column exhibited clearly large-scale symmetrical cir-
culations as shown schematically in Figure 7a. An instanta-
neous picture at the air flow rate of 0.8 L/min from z 5 100
to 300 mm is also shown in Figure 7b. The injected bubbles
swarm rose from the generator forming a bubble plume in
the center and then subsequently dispersed in the upper part
of column. On either side of the bubble plume, the liquid
moved downward forming vortices with lower bubble con-
centrations. Beyond this region, the bubbly flow became rel-
atively uniform across the cross-section, and the bubbles had
a near homogeneous distribution. Figures 8, 9, and 10 show
the profiles of the time-averaged mean axial bubble velocity
and size, liquid and solid velocities, and volume fraction

Figure 5. Slip velocity between bubbles and liquid as a
function of mean gas fraction at r/R 5 0,
z 5 600 mm.

Here, ub is the bubble velocity, u‘ is the bubble terminal

rise velocity A 5 ub
2/Tb, and Tb is the bubble velocity

variance.

Figure 6. Normalized bubble and solid velocity var-
iance Tb=u

2
b as a function of mean gas frac-

tion for both the two-phase and three-phase
bubble column at r/R 5 0, z 5 600 mm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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distribution for the three phases at six consecutive z locations
with the air flow rate of 1.2 L/m.

Time-Averaged Bubble Distribution in Bubble Column
(Bubble Velocity and Size). The left hand side of Figure 8
shows the spatial distribution of the mean bubble velocity. Sim-
ilar to that of the two-phase experiments, the bubbles velocity
development from z 5 40 to 100 mm had a general increasing
trend away from the generator. In contrast, the bubbles showed
very low and occasionally negative velocities near the wall.
The reason may be due to the fact that it was harder for the
larger size bubbles (with higher buoyancy forces) to diffuse to
the wall region, whereas the smaller bubbles can better disperse
toward the wall region and move together with the returned liq-
uid flow near to the wall. Comparing with the bubble velocity
profiles of the two-phase experiments,19 the bubble velocities

were obviously higher in this study due to the relatively larger
bubble sizes, as expected.

From z 5 400 to 600 mm, the bubble velocity profiles

showed that the bubble column had reached the quasisteady

development stage with very little change between the two z
locations. The bubble diameters were relatively larger at the

center of the column. Thus, the bubbles had a higher rise ve-

locity due to larger buoyant forces and with near vertical ris-

ing trajectories, and they induced the liquid and solid to

move up along the center region. The bubbles near the wall

were slowed down by the drag of the downward moving liq-

uid. The bubbly flow with the present air stone showed a

higher velocity for bubble phases at lower heights close to

the centerline for all cases. The velocities near z 5 100 mm

and r/R 5 0 were larger than the terminal velocities of the

Figure 7. (a) Sketch of flow field observed in the bubble column, (b) a snapshot of bubble column with the air rate
of 0.8 L/min from z 5 100–300 mm.

Figure 8. Profiles of bubble time-averaged velocity and contours of the mean bubble diameter at the air flow rate
of 1.2 L/min.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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average size bubbles. Near the bubble generator, the swarm

effect became significant. Meanwhile, the wall region at

lower heights on either side of the bubble generator had

lower liquid velocities, implying the presence of a relatively

placid field with lower shear forces in the bubble column

(also shown in Figure 7). Generally, the trend of the bubble

velocity profile was similar to that of the two-phase investi-

gation. Hence, the presence of the solid phase had insignifi-

cant influence to the time-average distribution of the bubble

velocities at low-solid volume fractions (in our cases, no

more than 0.5%).
The bubble-size distribution is an important representation

of the hydrodynamic behavior in the three-phase bubble

column. The right-hand side (RHS) of Figure 8 shows the

mean bubble diameter contours at the air flow rate of 1.2 L/

min. As mentioned before, the coalescence of bubbles was

not significant due to the low air and solid fractions except
near the air stone. It was clear that the signals from the local

bubble size measurements were very scarce at the corner of

the column for the three cases, and the signals only showed

very small bubble diameter in these position. The bubble di-

ameter contours also showed good agreement with the pres-

ence of the large-scale circulation. The larger bubbles were

concentrated at the centerline and ascended to the upper of

the bubble column, meanwhile the smaller bubbles were

travelled with the downward flow to the corner of the bubble

Figure 9. (a) Profiles of the liquid and solid-phase time-averaged velocity at air flow rate 0.4 L/min.

(b) Profiles of the liquid and solid-phase time-averaged velocity at air flow rate 0.8 L/min. (c). Profiles of liquid and solid-phase

time-averaged velocity at the air flow rate of 1.2 L/min.
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column. The bubble diameter contours shown that the bubble

column was filled with this larger-scale circulation. It was,

thus, clearly different from the two-phase experiments,19

which besides the large-scale circulation there were small

corner vortices formed by the shear between the downward

flow of large-scale circulation and the wall. This might be

attributed to the higher air flow rates for the three-phase

experiments, and hence the bubbles were more energized

and were not trapped at the corner.

Time-Average Velocity of Liquid and Solids. As shown
in Figure 9, the liquid velocity, which was mainly induced
by the drag force of the bubbles, reached its maximum at
about z 5 100mm for all the three cases. Beyond this height,
the liquid velocity near the centerline decreased due to the
entrainment of the slower moving liquid from the surround-
ing, and also the reduction in the air volume fraction. This
corresponded to a decrease in the bubble density and, as a
consequence, the drag force on the liquid phase exerted by
bubbles was also reduced. Overall, the liquid velocity profile
in this study was similar to the two-phase experiment.

The fundamental mechanisms for particle entrainment
and de-entrainment in a three-phase fluidize bed had been
studied by Bavarian and Fan.33 Particle entrainment nor-
mally decreases with a decrease in bubble size and bubble
frequency, and with an increase in liquid velocity and parti-
cle size. Lau et al.34 indicated that the liquid entrainment
rate increases with the system pressures and gas velocities.
The same behavior occurred in this three-phase study.
When the air rate increased which implied a higher bubble
frequency, the velocities of both the solid and liquid circu-
lation increased as shown in Figure 9. The velocity profiles
also showed that the magnitude of the liquid and solid cir-
culation generally increased with the mean gas volume
fraction. The balance position at which the mean liquid and
solid particle axial velocity equaled to zero shifted toward
the wall with increasing z, implying that the bubble plume
gradually extended to the entire cross-section of the bubble
column. For a short distance above the air stone, the width
of the bubble plume became narrower but with a higher
gas volume fraction. As the bubble plume increased its
width by entrainment at higher level, the amount of liquid
and solid phases being entrained upward also increased cor-

respondingly, and the velocities of liquid and solid phase
decreased. It should be noted that the integral over the
mean liquid velocity profiles yields values close to zero for
all three cases, when the radial profiles of the gas volume
fraction are taken into account. A detailed calculation can
give the errors between these integrals of upward and
downward flow over the column cross-section was no more
than 5%, which is similar to the value of error reported by
Mudde and Saito.35

Time-Average Volume Fraction Flow Distribution. Fig-
ure 10 shows the distribution of the bubble and solid-phase
volume fraction. The time-average gas volume fraction was
deduced from the PDA measurements using the following
equation18

cv;g5
p
6

1

Dt

XN

i51

db;j

j~Ub;ij
1

Apv ;i
(7)

where Apv;i is the effective probe volume cross-section of the
PDA system from which scattered light signals are detected,
db;i is the diameter of the measured bubble, ~Ub;i is the meas-
ured velocity of signal, N is the number of samples, and Dt
is the measured time. The value of Apv;i depends on the bub-
ble size and on the area of 150 3 150 lm2of the illuminated
probe volume

cv;s 5
p
6

1

Dt

XN

i51

ds; j

j~U s; ij
1

Apv; i
(8)

Equation 8 is used for the calculation of the volume frac-
tion for the solid phase. The only difference between the two
equations is that the ds;j has a fixed value of 3 mm in Eq. 8.

The mean air volume fraction in each of the profile was
found to be lower than that determined by the change of liq-
uid level when the gas was injected. This was due to the
bubbles and solid particles blocking part of the signals
received by the PDA, and the number of missed signals
increased with the air volume fraction. In our investigation,
the maximum error was estimated to be about 12.7% for
Case 3 with the air rate of 1.2 L/min. Table 4 shows all the
errors for three cases. The same level of accuracy was also
reported by Brenn et al.18 It is reasonable to estimate that
there was a similar magnitude of accuracy for the volume
fraction of the solid phase.

For all the three cases, the bottom corners had smaller gas
volume fractions than at the other regions. This can be
explained by means of the large-scale circulation. The bigger
bubbles moved upward along the column quickly. The liquid
circulation can only entrained the smaller bubbles to move
into the core of the circulation cells. Another trend, as shown

Figure 10. Profiles of gas and solid-phase volume frac-
tion at the air flow rate of 1.2 L/min.

Table 4. Estimated Errors for the PDA Measured air

Volume Fraction

Air Volume
Fraction

(calculated
by the Dif-

ference
of Liquid
Level), a

Air Volume
Fraction

(measured
by PDA), a1

Measurement
Error of

Air Fraction
(a 2 a1) 3 100%

Case 1 0.0084 0.0079 5.9%
Case 2 0.0168 0.0152 9.5%
Case 3 0.0258 0.0225 12.7%
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by the arrows marked in the RHS of Figure 10, was that the
maximum local air volume fraction tended to move toward
the column wall with increasing heights. This phenomenon
is known to be a typical bubble coherent behavior for low
superficial velocities36 caused by the complex interactions of
multiple phases including the drag and lift forces.37

The profiles of solid-phase volume fraction showed nearly
uniform distribution, except for some peaks near the genera-
tor due to stronger bubbly motion. The average solid-phase
volume fraction decreased with the height z, which was due
to the heavy density of the solid. Not all the solid particles
can reach the top of the bubble column.

Both the gas and solid-phase volume fractions increased
with the superficial gas velocity. The gas volume fraction
profiles behaved similar to the two-phase experiments. At
the lower part of the column, the solid-phase volume frac-
tion increased in a linear relation with the air flow rate.
However, at the upper part of the column, the solid-phase
volume fraction for 1.2 L/min was almost 8.7 times that of
0.4 L/min. It indicated that the solid particles needed
higher momentum from the liquid phase to move along the
column.

Slip Velocity. The slip velocities between the liquid and
other two-phases for the air flow rate of 1.2 L/min are
shown in Figure 11. It is clear that the slip velocities with
bubbles were larger than that with solid at all points.
Another fact is that the absolute values of the slip velocities
between liquid and solids were no more than 20% of the
absolute values of the liquid velocities except the region
near the wall. For the wall region, both of the liquid and
solids velocities were very small. This indicates that the
solid phase can follow closely the movement of the liquid
phase. At lower positions (z< 400 mm), the slip velocities
with bubbles were smaller except at several points near the
center which might be due to the smaller size bubbles distri-
bution near the wall (as shown in Figure 8). Correspond-
ingly, higher slip velocities were observed in regions with
higher bubble concentrations.

The slip velocities between the solid and liquid decreased
with the height. The solid particles obtained the initial mo-
mentum from the liquid near the bottom of the bubble col-
umn. At points just above the bubble generator, the slip
velocities for the solid phase were slightly higher than that
at other locations. This phenomenon can be attributed to the
jet effect of the bubble swarm as shown earlier in Figure 7.
The high bubble concentrations would entrain the neighbor-
ing solid to follow the bubble swarm and move faster than
liquid. As the bubbles and solid particles dispersed at higher
z, the slip velocity between solid and liquid phase decreased
correspondingly due to the dispersion of the energy of bub-
bles and solid particles.

Figure 12 shows the bubble slip velocities against the
mean bubble diameter for all the measurement points at
z 5 600 mm for Case 2. A function for the terminal veloc-
ities of single bubble for 4<Re< 100 was proposed by
Hamielec et al.38 as

ut;Ham 50:157
g0:794

m0:588
D1:382 (9)

The function is also plotted in the figure for comparison.
In general, the slip velocity increased with the bubble

size, because larger bubble had a higher terminal velocity,
but the increase was not as steep as the increase of terminal
velocity. It is known that larger and faster bubbles drives the
flow and draws up smaller bubbles via hydrodynamic inter-
actions between the bubbles and the turbulence.4 The data in
Figure 12 show that the measured slip velocities of the
smaller bubbles exceeded the theoretically predicted terminal
velocity of a single bubble with the same size, but the slip
velocities of larger bubbles were all below the terminal
velocities. The larger bubbles lost their momentum by the
drag force from the liquid, and the smaller bubbles were
accelerated by larger bubbles. The critical size appeared to
be about 1200 lm.

Figure 13 shows the drag coefficients of the bubbles
against the Reynolds number for the three cases. The

Figure 11. Profiles of the high and low mean axial slip
velocities for the air flow rate of 1.2 L/min
(LHS: slip velocity for bubbles with liquid,
RHS: slip velocity for solid phase with
liquid).

Figure 12. Slip velocity between bubbles and liquid as
a function of the number mean bubble size
at z 5 600 mm for air rate 0.8 L/m (Case 2).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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analytical function for single bubble shown in this figure is
proposed by Hamielec et al.,38 that is

CD;Ham 513:725Re20:74 (10)

which is valid for fluid sphere. Clift et al.39 also suggested
another relationship for the drag coefficients of solid par-
ticles in liquid

log 10

CD:Cl Re

24
21

� �
520:88110:82log 10Re20:05 log 10Reð Þ

(11)

The present results show that the trend of drag coefficients
for bubbles in the three-phase experiments matched the
behavior of fluid spheres. For solid particles, due to the low
Re (<1), the correlation of drag force given by Tomiyama40

can be used as follow

CD5
8

3

Eo

Eo14
(12)

where Eo5
g ql2qgð Þd2

s

r :
For the solid particle, g, qI, qg, ds and r were all constant,

and the constant drag coefficient of CD,s 5 2.63 can be calcu-
lated. Figure 13 shows that for most bubbles, the drag coeffi-
cient was smaller than that of solid phase.

Stability from Solid Phase. As mentioned before, there
are two principal flow regimes in bubble column reactors:
homogeneous and heterogeneous.41–43 In the homogeneous
regime, the bubbles rise roughly vertically with small verti-
cal and horizontal fluctuations. Bubble coalescence and
break-up are negligible, and no large-scale liquid circulations
occur near the bed. The long-time-average radial profiles of
gas volume fraction and liquid velocity are mostly flat. In
the heterogeneous regime, on the other hand, the bubble-size
distribution is wide, and bubble coalescence is promoted and
macroscale circulations of the liquid phase are present. The
long-time-average radial profiles are roughly parabolic with
a maximum at the center.

In our previous two-phase experiments,19 the heterogene-
ous regime was formed due to bubble plumes meandered
within the column, a behaviour that had also been observed

by Brenn et al.,18 Kulkarni et al.,44 and Warsito and Fan.11

The meandering bubble plumes caused fluctuations in the
flow velocity measured by the PDA at a single point, which
was obviously different from the high-frequency fluctuations
caused by consecutive bubbles passing through the measure-
ment volume of the PDA. A two Gaussian distribution model
can, thus, be used to depict the velocity distribution for a
single point in this kind of heterogeneous regime. Figure 14a
shows an example of the fluid velocity distribution in the
two-phase experiments.19 However, there is no such two
Gaussian distribution model in this three-phase study. This
suggests that the solid phase stabilizes the flow field of the
bubble column. A typical example of the fluid velocity dis-
tribution in this three-phase study is shown in Figure 14b.

The detailed flow visualization shown in Figure 15 illus-
trates the change of bubble plume behavior with the solid-
phase volume fraction. Figures 15a, b show that the bubble
plume meanders in the column without the solid phase
within the z range from 65 to 340 mm for Case 2 with the

Figure 14. (a) Liquid velocity probability density distri-
bution (pdf) by the superposition of two
Gaussian functions at z 5 400mm and r 5 60
mm at the air flow rate of 0.25 L/min for the
two-phase experiments.

(b) Liquid velocity probability density distribution

(pdf) by the superposition of two Gaussian functions at

z 5 400 mm and r 5 60 mm at the air flow rate of 1.2

L/min for the three-phase experiments.

Figure 13. Drag coefficient of the bubbles as a function
of Reynolds number formed with the slip ve-
locity for all three cases.
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air flow rate of 0.8 L/min, and the bubble plume behavior
for the three-phase bubble column is shown in Figure 15c.
Without the solid phase, the bubble plume cannot rise up
along the centerline steadily, and sway from side to side. In
our earlier two-phase experiments, it had a swaying fre-
quency of about 0.036 Hz.19 In this three-phase investiga-
tion, as shown in Figure 15c, the bubble column clearly just
moved up along the centerline steadily.

Mena et al.45 reported similar observation in a 140-mm di-
ameter bubble column, and concluded that for a solid-phase
volume fraction under 3%, the increased solid-phase would
stabilize the flow field. In our investigation, the maximum
solid-phase volume fraction was 1.2%. By increasing the
solid-phase volume fraction in steps, that is, 0.24% each
time, the lowest solid-phase volume fractions to stabilize the
bubble plume can be determined. The lowest solid-phase
volume fractions to stabilize the flow field for the three cases
are shown in Table 5.

Stability criterion based on the influence of lift force

The flow patterns in the bubble column had exhibited dif-
ferent behavior between the two-phase and three-phase. It was
typically homogeneous for the above three-phase experiments,
whereas it was heterogeneous in our earlier two-phase experi-
ments. For industrial reactor design and operation, it is impor-
tant to know the range of parameters which respective regime
prevails. This naturally leads to the stability issue as well as
the regime transition condition. Ruzicka and Thomas46 used
the Rayleigh–Benard instability in thermal convection to
explain the transition between the homogeneous and heteroge-
neous regimes. Based on their theory, the column dimensions,
effective viscosity of bubbly mixture, and hydrodynamic dif-
fusivity of bubbles are all used to explain the flow transition.
In this study, we consider the additional effect of the presence

of the solid phase, which has not been explicitly included in
the aforementioned theory.

In our earlier two-phase studies,19 bubble swarm would
sway in the column from side to side with a frequency about
0.036 Hz. Similar behavior was also observed in the experi-
ments by Brenn et al.18 and Warsito and Fan.11 Some
researchers used the influence of the lift force generated by
the rotation of the liquid flow field combining with the slip ve-
locity between bubble and the surrounding liquid to explain
this phenomenon47,48. Lucas et al.49 investigated further the
role of the bubble lift force on the stability of a two-phase
bubble column by applying the automatic control theory.
Their criterion for stability with lift force agrees well with our
experimental investigation of the two-phase bubble column.19

For the analysis of the stability of the flow filed in our three-
phase bubble column, the automatic control theory may also
be applied to our homogeneous three-phase flow model. In
this model, an initial perturbation, that is, a local increase of
the gas volume fraction, is applied on a small region of the
flow field, the vertical liquid velocity will then increase with
the gas volume fraction. Due to the lift force, the large bub-
bles migrate into this region and increase the gas volume frac-
tion again. This is considered as a positive feedback for an
initial disturbance of the local gas volume fraction in the bub-
ble flow.49 For the stability of a three-phase bubbly flow, the
influence from the solids is unclear as to whether it is able to
compensate this positive feedback of the bubble lift forces. To
answer this question, an analysis of stability in a three-phase
homogenous flow with monosized bubbles and solid particle
will be performed below. An approximated criterion for an
estimation for a given continuous bubble-size distribution in a
three-phase bubble column is proposed. The proposed crite-
rion will be compared with our experimental results.

The Three-Phase Flow Field Model. The following anal-
ysis focuses on the stability of a 2-D flow pattern in a three-
phase bubble column. The model excludes the effect of the
wall and the bubble generator (i.e., it does not consider the
wall region and the sparger region).

For a small region in the undisturbed homogeneous flow
regime with monosized bubble size in a three-phase bubble
column shown in Figure 16a, the liquid is used as the refer-
ence which means that the liquid superficial velocity is
assumed to be zero. The bubbles rise with a constant

Figure 15. Bubble plume behaviors for Case 2, height from z 5 65–340 mm.

Table 5. The Lowest Solid-Phase Volume Fraction (0.24%

per Step) for Stabilizing the Bubble Plume

Air Flow Rate (L/min) 0.4 0.8 1.2

Minimum solid-phase
volume fraction
of stabilization

0.24% 0.72% 0.96%
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velocity in z direction which only depends on the bubble di-
ameter and the liquid properties. For the solid particles, the
velocity is constant in the z direction too. In the homogene-
ous flow field, the time-averaged holdup and velocity is
steady for both bubbles and solids. The homogeneous flow
field is undisturbed. The following relations may be used

for liquid phase, ~ul x; y; z; tð Þ50, =

for bubble phase, ~ub x; y; z; tð Þ5u0
b;z~ez and ab x; y; z; tð Þ5a0

b,
for solid phase, ~us x; y; z; tð Þ5u0

s;z~ez and as x; y; z; tð Þ5a0
s

To describe the disturbed three-phase homogeneous flow
field with a local increase of the gas volume fraction Dab(x),
the following approximations and assumptions for the bubble
and liquid phase for the two-phase bubbly flow, are used to
establish the set of partial differential equations in this
analysis49

1. The liquid velocity (ul) has only a component in the
vertical direction due to the disturbances. =

2. The gradients of the liquid velocity occur only in 3

direction.
3. The only driving force for a change of the vertical liq-

uid velocity is assumed to be a local change of the
averaged density.

4. Beside the constant vertical velocity of the bubble
phase (ub,z), a component of the bubble velocity
(ub,x) may occur in (horizontal) x direction for the
disturbances.

5. The limited vertical extension of the disturbances is
not considered.

6. Pressure gradients r~P are neglected.
7. The following approximations for the solid phase are

made for the present three-phase bubbly flow model.
8. The vertical solid particle velocity (us,z) does not

change with the disturbances.
9. The horizontal component of the solid phase (us,x)

may occur due to the disturbances.
10. The solid holdup as is uniform in this modeled small

region and remains constant with the disturbances.
With these assumptions, the disturbed state for the three-

phase homogeneous flow can be characterized as follows

for liquid phase, ~ul x; y; z; tð Þ5ul x; tð Þ~ez, =

for bubble phase, ~ub x; y; z; tð Þ5ub;z~ez1ub;x~ex and ab x; y;ð
z; tÞ5ab x; tð Þ,

for solid phase, ~us x; y; z; tð Þ5us;z~ez1us;x~e and as x; y; z; tð Þ
5a0

s

Thus, the Navier–Stokes equation for the liquid phase in
the three-phase bubble flow can be written as

12ab2asð Þql

@~u

@t
1~u � r~u

� �
52 12ab2asð Þr~P1 12ab2asð ÞllD~ul

1
1

3
12ab2asð Þllgrad div~ulð Þ1~F

(13)

Equation 13 be simplified to

12ab2asð Þql

@ul

@t
5 12ab2asð Þll

@2ul

@x2
2Dqg (14)

Asql >> qb, we have

Dq
12ab2asð Þql

5
12ab2as2Dabð Þql2 12ab2asð Þql

12ab2asð Þql

52
Dab

12ab2as

(15)

Substituted Eq. 15 into Eq. 14, the N-S equation becomes

@ul

@t
5ml

@2ul

@x2
1g

Dab

12ab2as

(16)

The continuity equation for the bubbles in the horizontal
direction is

@ab

@t
1
@

@x
ub;xab50 (17)

Equations 16 and 17 are the N-S equation and continuity
equation. An addition equation for the lateral force balance
of the dispersed phases in the flow field is needed so that
they can be solved identically.

The Lateral Forces Acting on the Dispersed Phases
(Bubbles and Solids). To analyze the flow stability in the
three-phase bubble column, both the dispersed phases (bub-
bles and solids) have to be considered. For gravity-driven
vertical pipe flow, there are four lateral forces acting on the
dispersed phases in the continuous liquid phase. They are

Figure 16. (a) A simplified 2-D model for a small region
in the undisturbed three-phase homogene-
ous flow field.

(b) A simplified 2-D model for a small region in the

three-phase homogeneous flow field with a perturba-

tion Dab(x).
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namely the turbulent dispersion force, virtual mass force,
drag force, and transversal lift force.

For the turbulent dispersion force acting on a bubble or
solid particle, an expression was derived by Burns et al.,50

that is

~FTD 52
3CDvt

4dPr
uqlgrad að Þ (18)

Here vt is turbulent viscosity and Pr is the Prandtl number
of liquid.

Tomiyama40 suggested an empirical relation for the virtual
mass force

~FVM 5CVM ql

d~u

dt
2

d~ul

dt

� �
(19)

Here, the coefficient CVM 5 0.5.
The drag force for the dispersion phase can be defined as

~FD5
3

4d
CDqlj~u2~ulj ~u2~ulð Þ (20)

Equation 10 can be used to calculate CD for the bubbles,
and it shows that the sign of the drag force coefficient is
always positive for bubbles. Equation 12 can be applied for
the calculation of CD for the solids.

The transversal lift force for a bubble or solids can be
defined as

~FL52CLqla ~u2~ulð Þ3curl ~ulð Þ (21)

where ~FL is the lift force, CL is the lift coefficient, The lift
coefficient CL determines the direction of bubble transport in
the horizontal direction, and can either be positive or nega-
tive depending on the bubble size. Tomiyama40 proposed a
relationship based on their experimental investigations on a
single bubble as follow

CL5

min 0:288 tanh 0:121Reð Þ; f Eodð Þ½ � Eod < 4

f Eodð Þ for 4 < Eod < 10

0:27 Eod > 10

8<
:

(22)

with f Eodð Þ50:00105Eod
320:0159Eod

220:0204Eod10:474
It shows that the sign of the lift force coefficient is posi-

tive for small bubbles, but negative for large bubbles.
The transversal lift force acting on a solid particle in a

slow shear flow is expressed as51

CL50:51 log 10Re 20:221
3

16
110:0045Reð Þ (23)

It shows that the sign of the lift force coefficient is posi-
tive for Re> 1.158.

Because both the bubbles and solid particles are dispersed
in the continuous liquid phase, it is necessary to combine the
solid phase with bubbles so as to analyze the three-phase
flow field. The balance of the lateral forces for the dispersed
phases can be given as

~FTD ;bjx1~FTD ;sjx1~FVM ;bjx1~FVM ;sjx1~FL;bjx
1~FL;sjx1~FD;bjx1~FD;sjx50

(24)

Noting that:
a. ~FVM ;s5CVM ql

d~us

dt 2 d~ul

dt

� �
can be neglected, due to the

small velocity difference between solid and liquid
phase.

b. ~FTD;s52
3CD;svt

4dsPr
usqlgrad asð Þ50, due to the uniform dis-

tribution of solid particles, grad asð Þ is zero.
Substituting Eqs. 18–21 into 24, the balance of the lateral

forces becomes
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(25)

Equations 16, 17, and 25 can now be used as the basic
transfer functions to analysis the stability of the three-phase
flow field.

Transfer Function. In this analysis, a disturbance, that is,
an increase of the gas volume fraction dab(x,t), happened in
the three-phase flow field and the subsequent events are
processed. The transfer procedure of the disturbance can be
simplified as follow. The disturbance dab(x,t) accelerates the
liquid in vertical direction due to buoyancy, so that the dis-
turbances of the liquid velocity dul x; tð Þ~ez and the gradient
of the liquid velocity d @ul=dxð Þ x; tð Þ are generated. As Eq.
21 shows, the transversal lift force is proportional to the gra-
dient of the liquid velocity d @ul=dxð Þ x; tð Þ. The dispersed
phases including bubbles and solid particles will start to
migrate in the x direction with the velocities dub x; tð Þ~ex and
dus x; tð Þ~ex, respectively. This migration may decrease the ini-
tial disturbance dab(x) with a positive lift force coefficient or
increase the initial disturbance dab(x) with a negative lift
force coefficient. In addition, according to the definition of
the turbulent dispersion force shown in Eq. 18, the turbulent
dispersion force always decreases the initial disturbance. For
the disturbance, this transfer function can present a positive
or negative feedback, which determines the stability of the
disturbed three-phase flow field shown in Figure 16b.

In this analysis of the stability in a three-phase bubble col-
umn, the feedback of a small initial Dirac-shaped disturbance
on itself is investigated. The basic transfer functions for the
single effects can be obtained from the Eqs. 16, 17, and 25.
Based on the automatic control theory,52 the compact trans-
fer functions can be derived by Laplace transform alter also.
The system diagram of the feedback control loop in case of
a homogeneous three-phase flow with monosized bubbles is
shown schematically in Figure 17.

Figure 17. Propagation and feedback of a disturbance
dab.

The transfer function h characterizes the output pa-

rameter of the disturbance.
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The transfer function hLiq represents the variation of the liq-
uid velocity as a consequence to the disturbance of the local
gas volume fraction dab and can be derived from the N-S
equation of the liquid (Eq. 16). hTD presents the change of the
lateral bubble velocity caused by the local changer of the gas
volume fraction due to the turbulent dispersion force, which
can be deduced from the balance of forces acting on the dis-
persed phases in the lateral direction as Eq. 25. The transfer
function hLift represents the variety of the lateral bubble veloc-
ity caused by the lateral lift force due to the variety of the gra-
dients of the liquid velocity, and it can also be deduced by Eq.
25. Finally, hConti provides the modification of the local gas
volume fraction caused by all the changes of the lateral bub-
ble velocity, and it can be obtained from the continuity equa-
tion of the gas phase, as in Eq. 17. To obtain the feedback of
a disturbance in the system as Figure 17 shown, Eqs. 16, 17,
and 25 based on the undisturbed state are perturbed and
applied to the Laplace transformation.

The n waves single Fourier mode of the perturbation of
the gas volume fraction Dab(x,t) can be expressed as

Dab x; tð Þ5d~a tð Þexp inxð Þ5d~a tð Þ cos nxð Þ1isin nxð Þð Þ
5d~are tð Þcos nxð Þ1id~aim tð Þsin nxð Þ

(26)

The wavy bar “�” represents the amplitude of the disturb-
ance in the time domain. Equation 26 defines that the pertur-
bation is periodic in space with frequency n. The
disturbances of the liquid, bubbles, and solids velocities can
be defined in the same way.

Substituting the disturbance Dab(x,t) into Eq. 16, and
applying the Laplace transform, the N-S equation (Eq. 16)
for the disturbance can be simplified to

sdul52mln
2dul1g

dab

12a0
b2as

(27)

The transfer function hliq for the disturbance of the gas
volume fraction on the vertical liquid velocity ul in Lapla-
cian space can be obtain

hLiq sð Þ5 dul sð Þ
dab sð Þ5

g

12a0
b2as

� �
s1mln2ð Þ

(28)

The continuity equation (Eq. 17) and the balance of lateral
force equation (Eq. 25) have to be linearized for the deriving
of transfer function. Due to the disturbances that are small
comparing to the undisturbed value, the following expres-
sions are used in Eqs. 17 and 25, ab5a0

b1Dab, as,
Dab << a0

b, and writing for the constant undisturbed gas vol-
ume fraction a0

b, simply use ab instead of a0
b from now:

ul5Dul, because the undisturbed liquid velocity is zero. =

ub5Dub, because the undisturbed bubble velocity in x axis
is zero.

us5Dus, because the undisturbed solids velocity in x axis
is zero.

Neglecting all terms with the disturbances of second order,
the linearized continuity Eq. 17 becomes

@Dab

@t
1ab

@Dub

@x
50 (29)

In Laplacian space

sdab2inabdub50 (30)

The transfer function hconti can be reached

hconti 5
dab

dub

5
2inab

s
(31)

The linearized lateral force balance function of the dis-
persed phases, neglecting all terms with the disturbances of
second order, becomes

ab qb1CVM qlð Þ @ub

@t
1

3CD;b

4db

qlabubDub

1
3CD;s

4ds

qlasusDus1CL;bqlabub

@Dul

@x
1CL;sqlasus

@Dul

@x

1
3CD;b

4db

ql

mt

Pr
ub

1

12ab

@Dab

@x
50

(32)

Denoting

KDrag;b 5
3CD;b

4db

ql

qb1CVM ql

ub

KDrag ;s5
3CD;s

4ds

as

ab

ql

qb1CVM ql

us

KLift ;b5CL;b
ql

qb1CVM ql

ub

KLift ;s5CL;s
as

ab

ql

qb1CVMql

us

KTD;b 5KDrag;b
mt

Pr ab 12abð Þ

The lateral force balance equation becomes

@Dub

@t
1KDrag;b Dub1KDrag ;sDus1KLift;s

@Dul

@x

1KLift ;d
@Dul

@x
1KTD ;b

@Dab

@x
50

or

@Dub

@t
1KDrag ;bDub52 KLift ;s1KLift ;d

� � @Dul

@x

2KTD ;b
@Dab

@x
2KDrag ;sDus

(33)

Inserting the disturbances into Eq. 33 and applying the
Laplace transform

sdub1KDrag ;bdub52in KLift;s 1KLift;d

� �
dul2inKTD;b dab2KDrag;s dus

(34)

The transfer function hTD for a disturbance of the gas vol-
ume fraction on the horizontal gas velocity can be reached

hTD5
dub

dab

5
2inKTD ;b

s1KDrag ;b
(35)
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In the same way, the transfer function hLift for a disturb-
ance of the vertical liquid velocity on the horizontal gas ve-
locity can be deduced as

hLift 5
dub

dul

5
2in KLift ;b1KLift ;s

� �
s1KDrag ;b

(36)

Eqs. 28–35, and 36 are the transfer functions shown sche-
matically in Figure 17.

The Feedback for a Monosized Bubble System in Three-
Phase Flow. According to the theory of automatic control
engineering, the transfer function for the total system shown
in Figure 17 can be reached with a minus sign

Hopen 52 hLiq hlift 1hTD

� �
hconti

52
g

12a0
b2as

� �
s1mln2ð Þ

2in KLift ;b1KLift ;s

� �
s1KDrag ;b

1
2inKTD ;b

s1KDrag ;b

 !
2inab

s

� �

5
nab

s

gn KLift ;b1KLift ;s

� �
12a0

b2as

� � 1

s1mln2ð Þ s1KDrag ;b

� �1nKTD ;b
1

s1KDrag ;b

 !

(37)

The transfer function (Eq. 37) has no imaginary part,
which means that the feedback of the initial disturbance of
the gas volume fraction on itself has the same spatial de-
pendency as the initial disturbance itself. The feedback
within the closed loop as shown in Figure 17 can, therefore,
be given

Hclose 5
1

11Hopen
5

s s1mln
2ð Þ s1KDrag ;b

� �
s31 KDrag ;b1mln2

� �
s21 KDrag ;bmln21KTD ;babn2

� �
s1KTD ;babn4ml1

g

12ab2as

n2ab KLift ;b1KLift ;s

� � (38)

The stability condition for the closed-loop transfer func-
tion is that all the poles, that is, the roots of the characteris-
tic polynomial 11Hopen, have negative real parts. According
to the automatic control theory, the Routh–Hurwitz criterion
can be used to determine the stability condition.52 This
criterion states that the system will be stable, if all the coef-
ficients of the characteristic equation 11Hopen and Hurwitz
determinants are positive.

The characteristic equation is equivalent to that the
denominator of the right side of Eq. 38 to be zero

s31 KDrag ;b1mln
2

� �
s21 KDrag ;bmln

21KTD ;babn2
� �

s

1KTD ;babn4ml1
g

12ab2as

n2ab KLift ;b1KLift ;s

� �
50

(39)

The coefficients of the characteristics polynomial can be
derived

�s3 : a351 > 0;

�s2 : a25KDrag ;b1mln
2 > 0; according to the definitions;

�s1 : a15KDrag ;bmln
21KTD ;bn2ab > 0; according to the definitions;

�1 : a05KTD ;bn4abml1
g

12ab2as

n2ab KLift ;b1KLift ;s

� �
; (40)

a0> 0 is one condition for stability!
Hurwitz determinants should be larger than zero, which is

a2a12a3a05

KDrag ;b1mln
2

� �
KDrag ;bmln

21KTD ;bn2ab

� �
2KTD ;bn4abml2

g

12ab2as

n2ab KLift ;b1KLift ;s

� �
> 0

(41)

Equation 41 determines the upper limit of the lift force
coefficient CL for the bubbles. For practical cases, the CL

cannot reach this upper limit (positive value), so that the
Hurwitz determinants is not relevant to this analysis. Finally,

the only criterion for this stability analysis is a0> 0, which
reads

KTD ;bn4abml1
g

12ab2as

n2ab KLift ;b1KLift ;s

� �
5

3CD;b

4db

ql

qb1CVM ql

ub

mt

Pr ab 12abð Þ abn4ml

1
g

12ab2as

n2ab CL;b
ql

qb1CVM ql

ub1CL;s
as

ab

ql

qb1CVM ql

us

� �
> 0

(42)

Equation 42 reaches

CL;b > 2
12ab2as

12ab

3CD;bmtmln
2

4dbgPr ab

1CL;s
us

ub

as

ab

� �
(43)

Burns et al.50 reported the turbulent Prandtl number Pr is
in the order of unity, and Sato et al.53 suggested

mt50:6abdbub (44)

As mentioned before, n is the spatial frequency of the dis-
turbance. Define a typical length scale for the possible dis-
turbances L

n5
p
L

(45)

Substituted Eqs. 44 and 45 into Eq. 43, the criterion for
the stability for a homogeneous three-phase flow field with
monosized bubbles can be obtained

CL;b > 2
12ab2as

12ab

4:44
CD;bubml

gL2
1CL;s

us

ub

as

ab

� �
(46)

Simplified Analysis for N Bubble Size Classes System.
According to Lucas et al.,49 the stabilizing action of the tur-
bulent dispersion ~FTD is very weak comparing to the effects
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of the lift force and drag force. As shown in Figure 17, the
transfer function of the system without the turbulent disper-
sion can be written as

Hopen 52hLiq hlift hconti (47)

The simplified analysis for N bubble size classes can be
carried out with neglecting the turbulent dispersion. The
transfer of the N bubble size classes can be represented by

da0b;1
�

da0b;n

0
@

1
A52

Hopen
1 :::Hopen

1

��

Hopen
N :::Hopen

n

0
@

1
A dab;1

�

dab;n

0
@

1
A

5

hLiq hlift ;1hconti ;1:::::::hLiq hlift ;1hconti ;1

��

hLiq hlift ;Nhconti ;N ::::::hLiq hlift ;Nhconti ;N

0
@

1
A3

dab;1

�

dab;n

0
@

1
A

(48)

The closed loop transfer function for all N groups bubbles
becomes

12
XN

i51

Hopen 511
XN

i51

hLiq hlift hconti 50 (49)

Inserting Eqs. 28, 31, and 36 into Eq. 49

s s1mln
2

� �YN
i51

s1Ki
Drag ;b

� �

1
gn2

12ab2as

XN

i51

ab;i Ki
Lift ;b1Ki

Lift ;s

� �Y
j 6¼i

s1Kj
Drag ;b

� � !
50

(50)

Equation 34 is a polynomial of N12 order, and the crite-
rion a0> 0 can be obtained

XN

i51

ai
b

Ki
Lift ;b1Ki

Lift ;s

Ki
Drag ;b

> 0

or

XN

i51

db;iab;i
ab

2ub;iC
i
L:b1ab;iasusCL;s

Ci
D;b

> 0 (51)

Equation 51 is the approximated stability criterion for the
effect of the lift force, with neglected turbulent dispersion
and N classes bubble size in a homogenous three-phase flow.
With the solid phase holdup as 5 0, Eq. 51 becomes the
criterion for the two-phase bubbly flow. On the other side,
with N 5 1, it becomes the results for the monosized bubble
system, Eq. 46 with vanishing turbulent viscosity

CL;b1CL;s
us

ub

as

ab

> 0 (52)

The lift force coefficient for bubbles may be positive
(small bubbles) or negative (large bubbles). According to the
above feedback mechanism for a small disturbance happened
on the local air volume fraction, the small bubbles stabilize
the flow while the large bubbles lead to unstable gas fraction
distributions. Equation 51 also shows that the solid phase
has an important effect to the stability of a homogeneous

three-phase flow. As mentioned before, the lift force coeffi-
cient for the solid phase is positive for Re> 1.158 which
happens to almost all situations in three-phase flow. It also
suggests that the solid phase almost always stabilizes the
flow filed when the solid phase velocity us has the same
direction as the bubble velocity ub, and it destabilizes the
flow field with an opposite velocity of ub.

Comparison with the Experimental Results (Homogeneous
Regime). Equation 51 can be used to compare with the
results of the PDA measurements presented earlier. At any
particular measurement location, the number of the valid sig-
nal from bubbles is denoted as N. ab is the local bubble vol-
ume fraction calculated from all measured bubble signals,
which can be obtained by Eq. 7. as is the local solids holdup
for all measured solid particle signals, and can be obtained
by the same equation with di 5 3 mm, because the solid par-
ticles has an unique diameter of 3 mm. Following Eq. 7, ai

b

can be obtained by

ai
b5

p
6

1

Dt

db;i

j~Ub;ij
1

Apv;i
(53)

ub;i is the single bubble velocity, and us is the time-aver-
aged solid-phase velocity.

Denoting : k5
XN

i51

db;iab;i
ab

2ub;iC
i
L:b1ab;iasusCL;s

Ci
D;b

(54)

Hence, k> 0 corresponds to a steady homogeneous bubbly
flow. It is also suitable for the two-phase bubbly flow with
as 5 0.

The calculated results of k for the mean gas volume frac-
tion 1.68% (air flow rate 0.8 L/min) at two different heights
z 5 200 and 400 mm are shown in Figure 18. It shows that
the steady criterion, k> 0, is satisfied at all points inside the
flow field, which agrees well with the observed phenomena
that the bubble plume flow was steady in the three-phase
bubble column. The corresponding case for the unstable

Figure 18. The criterion k (Eq. 54) for the mean gas vol-
ume fraction 1.68% (air flow rate 0.8 L/min)
at two different heights z 5 200 and 400 mm
in the three-phase bubble column.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com
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bubble plume in a two-phase bubble column with the same
condition is shown in Figure 19.

Figure 19 shows a typical unsteady bubbly flow, except the
points near the wall, the criterion k> 0 cannot be satisfied.
The reason for the steady flow structure near the wall may be
due to the fact that only small bubbles can arrive in those
locations with a positive lift force coefficient. The overall
flow field for the two-phase bubble column is unstable. An
occasional increase of the air volume fraction will lead to the
collapse of the stability, so that the bubble plume has to me-
ander in the bubble column. With added solid particles, the
bubble plume flow behavior can be modified. Noting that for
the solid phase, their lift force coefficient would always be
positive, and it moves upward with the bubbles at the center
region while moves downward near the wall. Figure 18 shows
an obvious increase of the value of k at all locations except
near the wall. The bubble flow is stabilized at the center
region. It also shows that the value k is slightly decreased at
the points near the wall due to the negative velocity of the
solids, but the value of k is still larger than zero and the flow
field remains stable. On the whole, the flow field is stabilized
with the added solid phase as shown in Figure 18.

Further measurements also reinforced our analysis that the
added solid particle can increase the stability according to
the criterion at centerline and stabilize the bubble plume
flow. With the same setup for the mean gas volume fraction
1.68% (air flow rate 0.8 L/min) but different solid-phase vol-
ume fractions, the value of criterion k at r/R 5 0 can be cal-
culated by the results of PDA measurements. It was clear
that the value of k increased with the solid-phase volume
fraction as shown in Figure 20.

The above analysis has shown that the criterion on the sta-
bility of the three-phase flow can be used to explain the
above experiment data well. However, the air flow rates
used in above experiments are relatively low and represent
only the flow in homogeneous regime.

Further Investigation for the Transition and Heterogene-
ous Bubble Column Regime. Homogeneous and heteroge-
neous flow field are two different flow regimes, one

important distinction is the absence or presence of the
unsteady large scale vortical motion of bubbly mixture. This
coherent flow structures develop gradually with the increased
air flow rate, which means that there is a transition regime
between the homogeneous and heterogeneous flow regime.
To verify the above analysis, further experiments have been
performed at air flow rates 2.0 L/min for the transition
regime and 4.0 L/m for the heterogeneous regime.

For PDA measurements in the transition or the heteroge-
neous flow field in a bubble column, the difficulty is to dis-
tinguish solid phase and bubbles from the signals. In our
measurements of the bubble column in homogeneous regime,
the diameters of the generated bubbles were controlled and it
was always smaller than the solid particles, so that it is easy
to distinct the signals from bubbles or solid particles by the
diameter information. However, as soon as the unsteady vor-
tex of the bubbly flow appears in the heterogeneous or tran-
sition regime bubbly flow field, there are possibilities of
bubbles coalescence in this region, which may produce
many bubbles larger than the solid particles. The size range
of the solids is covered by the size range of bubbles. It is
impossible to distinguish the signals between solids and bub-
bles with the signal size any more.

Here, the information of the velocity difference between
the signals of bubbles and solid were applied to distinguish
the bubbles and solids for the measurements of relative higher
flow rates. As Figure 2b shows, all the signals of solids meas-
ured by PDA has a range from 2.8 to 3.2 mm, for each meas-
ured points for the transition and heterogeneous case, only the
signals in this size range were the mixture of the signals from
solids and bubbles. The velocity distribution for all the signals
in the size range of 2.8 to 3.2 mm at z 5 600 mm and at air
flow rate 4.0 L/min is shown in Figure 21.

Figure 21 shows that the signals velocity distribution with
the size range of 2.8–3.2 mm consisted of two distinct peaks.
As shown in Figure 11, the bubbles velocity was obviously
higher than the solids velocity. On the other hand, Figure 12
shows that the bubbles velocity increases with the bubble
size, so that a 3 mm bubble should have a velocity larger

Figure 19. The criterion k (Eq. 54) for the mean gas vol-
ume fraction 1.68% (air flow rate 0.8 L/min)
at two different heights z 5 200 and 400 mm
in the two-phase bubble column.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 20. The criterion k for the mean gas volume
fraction 1.68% (air flow rate 0.8L/min) at
r/R 5 0 with different solid phase holdup
in the three-phase bubble column.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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than 0.2 m/s. It is a reasonable speculation that the peak B
in Figure 21 was almost from the signals of bubbles and the
peak A which had relative lower velocities represented the
solids. The two peaks are distinctive so that we can use this
velocity information to differentiate the solids and bubbles in
the measurements of the transition and heterogeneous regime
bubble column.

Using above method, the experimental data can be applied
to the analysis and the criterion k can be calculated for
the measurements at relative higher air flow rates. The
calculated results of k for the air flow rate 2.0 L/min at two
different heights z 5 200 and 400 mm are shown in Figure 22.

Figure 22 shows a typical k value distribution for the tran-
sition regime. The k is larger than zero except the centerline
region, which means that the flow field was quasihomogene-
ous but with some fluctuation near the centerline. It is corre-
sponding to the experimental phenomena that sometimes

there appeared several larger bubbly vortexes in the stable
bubble column. The vortexes caused the coalescence of the
bubbles, and according to Eq. 22, the bigger bubbles will
cause a negative lift force which is the reason of the unstable
flow field. It should be noted that this vortexes have to first
appear at the center region due to the present setup of the
bubble generator. The region away from the center will
unavoidable be affected by this vorticities too. The propaga-
tion and feedback of the disturbance will happen at the adja-
cent region as shows in Figure 17. According to our
previous analysis, the region away from the centerline can
still remain in the homogeneous regime due to the k value is
larger than zero and it remains a negative feedback for the
transfer function in Figure 17.

When the air flow rate increased to 4.0 L/min, the flow
field is totally heterogeneous in the bubble column. The cal-
culated results of k for the air flow rate 4.0 L/min at two dif-
ferent heights z 5 200 and 400 mm are shown in Figure 23.

Figure 23 shows that the k value is negative at almost all
measurement points at 4.0 L/min, which is corresponding to
the fact that the flow field is chaotic and the bigger bubbles
appear in random due to the coalescence. Similar to the het-
erogeneous case of the two-phase bubble column shown in
Figure 19, the k values are positive near the wall. The reason
may be that the small bubbles tend to move to the wall and
the coalescence is relative hard to happen there. This figure
also shows that, at air flow rate 4.0 L/min, the higher gas
volume fraction make the system more vulnerable to the dis-
turbance. The onset of the coalescence will trigger the dom-
ino effect of the whole bubble column. The bigger bubbles
will quickly change the k value to negative, as shown in Fig-
ure 23, and the whole bubble column turns to the heteroge-
neous regime.

In short, the investigations presented here have shown that
the analysis on the stability of the three-phase flow can be
used to explain the homogeneous transition and heterogene-
ous regime of the three-phase bubble column. The detailed
PDA measurements of the three-phase bubble column rein-
force this analysis and it also proved that the criterion k (Eq.

Figure 21. The velocity distribution with the size range
of 2.8–3.2 mm for all the measurement
points at z 5 600 mm and at air flow rate 4.0
L/min.

Figure 22. The criterion k (Eq. 54) for the air flow rate
2.0 L/min at two different heights z 5 200
and 400 mm in the three-phase bubble col-
umn.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 23. The criterion k (Eq. 54) for the air flow rate
4.0 L/min at two different heights z 5 200
and 400 mm in the three-phase bubble col-
umn.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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54) can be used to estimate the flow regime of the bubble
column. The small bubbles and relative lower air flow rate
maintain the bubble column in the homogeneous regime
with positive k value in the whole bubble column. As the air
flow rate increase, the bubbles coalescence appears and the k
begin to show negative value at a small center regime, which
means that the flow field has transform to the transition re-
gime. Finally, the higher air flow rate will trigger the bubble
column to heterogeneous regime. The onset of strong coales-
cence destabilizes the total flow field, and the bigger bubbles
are generated all over the bubble column. The k values
become minus in the entire bubble column except near the
wall.

Concluding Remarks

A three-phase bubble column with a point air source cen-
trally mounted at the bottom was investigated by PDA to
obtain the simultaneous nonintrusive and instantaneous
measurements of the air, liquid, and solid phase velocities as
well as the bubble size. The three-phase flow fields at three
different air rates 0.4, 0.8, and 1.2 L/min (corresponding to
the mean gas volume fractions of 0.0048, 0.0168, and
0.0227, respectively) were investigated, respectively, for the
homogeneous bubble column regime. The point air source
resulted in a jet effect at z 5 50 mm, and a stable large scale
circulation pattern including both solid and liquid phase for
all three cases. The detailed spatial distributions of liquid,
bubble, and solid phase were presented.

The flow fields of the air and liquid phase were relatively
more stable than that of the two-phase bubble column, which
had bimodal probability density distributions for both liquid
and bubble velocities. A new stability criterion was proposed
for the three-phase bubble columns by applying the auto-
matic control theory. By considering the drag and lift forces
acting on the solid phase, it was found that the criterion was
able to predict the stability of the overall flow behavior
inside the column, and it concluded that the solid phase was
the cause of stability with the lower solid-phase volume frac-
tion (up to 1.2%) in our investigation.

Further investigation for the transition and the heterogene-
ous bubble column regime at air rates 2.0 and 4.0 L/min
shown that this criterion can also be used as a general pre-
diction of flow stability in this three-phase bubble column.
Overall, the results from this study can improve the under-
standing of the flow behavior in a three-phase bubble column
with a bottom-mounted point air source for environmental
applications.

Notation

a = constant coefficient for polynomial
A = ratio of mean bubble velocity squared to the bubble velocity

variance, m/s
Acol = cross-sectional of bubble column, m2

Apv = area of prove volume cross-section, m2

Aspa = area of sparger, m2

cv,g = volume concentration of gas, %
Cd = drag coefficient
CL = lift coefficient

CVM = coefficient of virtual mass force
d = diameter, m
D = diameter of the bubble column, m
e = unit vector

Eo = Eotovs number

f = focal length, m
f’ = effective focal length, m
F = force, N
g = gravitational acceleration, m/s2

h = transfer function
H = initial liquid level in bubble column, m
i = imaginary unit
k = stability criterion
K = constant symbol
m = refractive index
P = pressure, Pa

Pr = Prandtl number
q = Gaussian distribution

QG = volume flow rate of gas, m3/s
Re = Reynolds number of a bubble

r = radial position, m
R = radius, m
t = time, s

T = velocity variance, m/s
u,v = velocity, m/s
U = the measured velocity of signal, m/s

VG = superficial gas velocity, m/s
Vt = terminal velocity, m/s

x,y,z = Cartesian coordinates, m

Greek letters
a = volume fraction
m = kinematic viscosity, m2/s
q = density, kg/m3

r = surface tension, N/s
d = perturbation
m = kinematic viscosity, m2/s
l = viscosity, Pa s

Subscripts
0 = centerline
1 = air
2 = glass
3 = liquid
b = bubble

conti = continuity equation
close = close loop

D, Drag = drag force
g = gas
s = solid

l,Liq = liquid
L,Lift = lift force
open = open loop

s = solid
TD = turbulence dispersion

t = turbulence
VM = virtual mass force

w = wall
1 = terminal velocity
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